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We show that if the determinant of a certain matrix obtained from the Lie product on the odd 
part of a Lie superalgebra is nonzero, then the enveloping algebra of the Lie superalgebra is a 
prime ring. We then apply this criterion to show that the enveloping algebra of a classical simple 
Lie superalgebra not of type b(n) is a prime ring. 
Introduction 
The enveloping algebra of a Lie algebra is always a domain and hence a prime 
ring; our goal in this paper is to determine when the enveloping algebra of a Lie 
superalgebra g = go@ g1 is prime. We do not answer the question completely, but 
give a partial answer along with some examples. In the first section, we use a fil- 
tered/graded argument to show that when g1 is finite-dimensional, the enveloping 
algebra is prime if the determinant of the matrix over the symmetric algebra S(gO) 
whose entries are given by the Lie product restricted to g, x g, is nonzero. We also 
describe the minimal prime ideal of the enveloping algebra in a very special case and 
comment on the infinite-dimensional case. In the second section we give an example 
to show that a possibly simpler criterion for U(g) to be prime is not in general suffi- 
cient, unless g1 is of small dimension. In the third section, we use our determinan- 
tal criterion to show that (if the field is algebraically closed of characteristic 0) the 
enveloping algebras of the general linear superalgebras and all of the classical simple 
Lie superalgebras, except possibly the Lie superalgebras b(n), are prime, as is the 
enveloping algebra of any Lie superalgebra with a nondegenerate Killing form. 
Throughout, k is a field of characteristic different from 2, and g is a Lie super- 
algebra over k whose odd part g1 is finite-dimensional (except in 1.7). (See [5,8] for 
definitions and properties of Lie superalgebras.) We let U= U(g) denote the en- 
veloping algebra of g . This is a Z,-graded algebra; when we refer to ‘graded-prime’ 
ideals, we mean with respect to this grading. However, when we say below ‘U is 
graded’ we are referring to the filtration and gradation described in 1.2. The Lie 
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bracket on Q is extended to a [supercommutator] bracket on U in the natural way. 
An element x E U is said to be supercentral if [x, u] = 0 for all u E U. 
A graded Lie algebra (in the sense of [l]) can be regarded as a Lie superalgebra 
if we let go be the subspace of g spanned by the elements of even degree and g1 be 
the subspace of Q spanned by the elements of odd degree. Thus the results of this 
paper apply to graded Lie algebras when a0 and g1 are interpreted in the above 
way. 
1. Main results 
1.1. We begin with an easy observation. In [l] it is shown that when k is alge- 
braically closed, the following are equivalent: 
(i) U(Q) is not a domain; 
(ii) U(Q) has nonzero nilpotent elements; 
(iii) there is an XE g1 with [x,x] = 0. 
(The results in [l] are stated for graded Lie algebras, but the proofs are valid for 
Lie superalgebras.) The analogous result for primeness is not true, as 2.1 shows, but 
one direction is still true. 
Lemma. If there is a nonzero XE g, with [x, Q,] = 0, then U is not semiprime. 
Proof. Let h be the set of all x~gi with [x,g,] =O. Using the Jacobi identity one 
easily sees that h is an ideal of g. Hence I=r)U= U@ is an ideal of U, and I” = Ij”U. 
Since [h,h] =O, for any x,y~I) we have xy+yx=O and x2=0; thus if n>dimlj, 
$“=O. Consequently Z is a nilpotent ideal of U. 0 
1.2. We will make use of the filtration described in the following lemma (whose 
proof is easy). This filtration was used in the proof of [l, Proposition 2. l] to investi- 
gate zero divisors in enveloping algebras, and a version of the lemma is contained 
in that proof. 
Lemma. Filter U by declaring the elements of go to have degree 2 and those of 
g, to have degree 1. Then the associated graded algebra gr U is isomorphic to 
U’= U(Q’) where Q’ is a Lie superalgebra with the same vector space structure as 
Q, but with the bracket defined by [x, y] =0 if one of x, y is in go and [x, yl in 
g’=[x,y] in Q if x,y are both in gl. 0 
Remark. Note that U is already graded if and only if go is central in g. 
1.3. Definition. Let fi, . . . . f, be a basis for 81. Define d(g) to be the element of 
the symmetric algebra S(go) which is the determinant of the m X m matrix whose i,j 
entry is [J;,fj]; if g, = 0, define d(g) = 1. (We will call the matrix ([J;,J;l);,j the pro- 
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duct matrix for g1 .) Note that d(g) is not independent of the basis chosen: it is only 
well-defined up to a nonzero scalar multiple (by an element of k*‘). However, we 
will only be interested in whether d(g) is zero or not, so it is well-enough-defined 
for our purposes. Note also that d(g) is either 0 or a homogeneous polynomial in 
S(gO) of degree m. 
With the notation of 1.2, d(g) =d(g’). 
If g and lj are two Lie superalgebras over k, clearly d(g @ 6) = d(g)d(b) when we 
interpret both sides as being in S(gO@ho). Also note that if E is an extension field 
of k and we regard gOk E as a Lie superalgebra over E in the usual way, then 
d(g) = d(g Ok E) when we interpret both sides as being in S(g, Ok E). 
1.4. The following result gives the complete answer concerning primeness in the 
graded case. 
Proposition. If go is central, then the following are equivalent: 
(a) U is prime. 
(b) U is semiprime. 
(c) U has no nonzero odd supercentral elements. 
(d) There is no nonzero XE U(gO)gl with [x, gl] =O. 
(e) d(g) +O. 
Proof. (a) * (b) * (c) * (d) are all trivial. (For (b) * (c), note that any odd 
supercentral element generates an ideal with square zero.) 
(d) * (e) Letf,,...,f, be a basis for g,. Since S(gO) is an integral domain, the 
determinant of the m xm matrix ([J;,A]);,j is zero if and only if its rows are 
linearly dependent over S(gJ. Let Y; be row i of the matrix and suppose d(g) = 0. 
Then there are elements pi E S(gO) = U(gO) (not all 0) such that C pIri = 0. It follows 
that [C p,J;, gl] = 0, contradicting (d). 
(e) * (a) Note that U(ge) = S(gO) is a commutative integral domain in the center 
of U. Let C be the set of nonzero elements of U(gO), and let R be the algebra U 
localized at C, so that R is an algebra over the quotient field K of U(gO). To show 
U is prime, it suffices to show R is prime. 
The bracket on g, extends linearly to a bracket on Kg,, and this bracket defines 
a symmetric bilinear form on the vector space Kgl. The definition of the en- 
veloping algebra shows that R is the quotient of the tensor algebra of Kg, over K 
by the relations xy+yx= [x, y] for x,y E Kg,, that is, R is the Clifford algebra over 
K of the above-mentioned bilinear form on Kg, (see [6, Chapter VI). The dis- 
criminant of this form is f d(g); hence the discriminant is nonzero by (e) and so 
is a homogeneous polynomial in U(g,J of degree m = dim gi . Thus the form is non- 
singular. It is well known [6, Theorems V.2.4 and V.2.51 that the Clifford algebra 
determined by a nonsingular symmetric bilinear form is a simple algebra if the 
dimension of the space is even or if the dimension is odd and the discriminant is 
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not a square. If dim g1 is odd, then the discriminant is of odd degree and so cannot 
be the square of any rational function. This shows R is simple, which completes the 
proof. 0 
1.5. Theorem. For any Lie superalgebra g with g1 finite-dimensional, if d(g)#O, 
then U(g) is prime. 
Proof. The hypothesis passes to the g’ of 1.2, and so by the proposition, gr U is 
prime. Thus U is prime. 0 
We do not know whether the condition d(g) #0 is necessary for U to be prime. 
1.6. Letzter [7, Corollary III] has shown that if g is nilpotent and finite-dimen- 
sional, there is always a graded-prime ideal P of U with Pn U(gO) = 0 which is con- 
tained in every graded-prime ideal of U. It follows that P is nilpotent and that its 
(one or two) minimal primes are the minimal prime ideals of U. (Thus U is graded- 
prime if and only if it is semiprime.) In the very special case that go is central, we 
can make this result more precise as follows. Let P’ be the ideal of U generated by 
the odd supercentral elements and 
P = { 24 E U: su E P’ for some nonzero s E U( go)}. 
Then P is a nilpotent (of index n(g) + 1 where n(g) is the nullity of the product 
matrix for gi) prime graded ideal, which is thus the unique minimal prime of U. 
To show that this is true, one follows the same line of reasoning as in 1.4. 
Adopting the notation there, the localization R is the Clifford algebra over K of the 
symmetric bilinear form on the vector space Kg, obtained by extending the bracket 
on g,. It is well known (see [6, Chapter V]) that the radical J of R is generated by 
the radical Wof the form and is nilpotent of index n + 1 where n = dim W= n(g) 5 m. 
Moreover, R/J is simple unless m-n is odd and the discriminant of the form 
restricted to any complement of W is a square in K; the argument in the proof of 
1.4 shows this cannot happen. 
As we localized at a set of regular central elements, this implies that the ideal 
Jn U is a nilpotent prime ideal. Obviously if x is odd and supercentral in U, then 
XE J, since x is in the radical W of the form. As we can choose a basis for W that 
is in U and hence in P’, it is clear that J=P’C’, and so Jfl U=P. 
In general, is U prime (or graded-prime) if and only if it is semiprime? More 
generally, does U always have a (necessarily unique) nilpotent prime (or graded- 
prime) ideal? 
1.7. We now briefly discuss the case where g, is infinite-dimensional. We can give 
a sufficient criterion for U to be a prime as follows. Note that if I/ is any finite- 
dimensional subspace of gl, d(g, 0 V) makes sense even if go @ V is not a sub- 
algebra. 
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Proposition. For arbitrary 9, if every finite-dimensional subspace of a1 is con- 
tained in a finite-dimensional subspace V of a1 with d(g, @ V) # 0, then U(g) is 
prime. 
Proof. By passing to the 9’ of 1.2 and applying the arguments in 1.3 and 1.4, it is 
easy to see that the proof reduces to proving the following: if R is the Clifford 
algebra of a symmetric bilinear form on an infinite-dimensional vector space W, 
then R is prime if every finite-dimensional subspace of W is contained in a finite- 
dimensional subspace V such that the form restricted to Vx V is nonsingular. This 
is easily seen to be true, since it implies that any two elements of R are contained 
in a prime subalgebra, namely the Clifford algebra of the form on such a V which 
contains the two elements. 0 
Unfortunately, the condition in the proposition is not necessary for U to be 
prime. In fact, it is possible for gr U to fail to be prime even if U is prime when 
gr is infinite-dimensional. As an example (see [3, Propositions 1.3 and 2.31 for 
details) consider the Lie superalgebra g with go = ky, a1 a vector space with basis 
x1,x2, . . . , and Lie brackets given by [v,Xi] =Xi+l and [Xi,xj] =0 for all i, j. Then 
gr U is the polynomial ring in one variable over the infinite-dimensional exterior 
(Grassmann) algebra E, and so is not semiprime. However, U is the formal differen- 
tial operator ring E[y; 61 where 6 is the derivation ad y, and this ring is prime by 
[3, Proposition 2.31. 
2. An example and a partial converse 
2.1. 1.1 does not provide a sufficient condition for U to be prime, even in the 
graded case. Let go = ka 0 kb and a1 = kx 0 ky 0 kz, with all brackets zero except 
[x, y] = a and [x, z] = b. Then d(g) = 0 and so U is not prime, but there is no nonzero 
element w of gr with [w, gr] =O. 
In fact (by - az) U is the ideal of U generated by the odd supercentral elements 
of U, and its square is 0. However, it is not prime. The ideal (by - az) U+ (yz) U 
is a prime graded ideal whose square is zero. 
2.2. In spite of 2.1, we have the following result if dim go = 1 or dim a1 I 2. In that 
case the following are equivalent: 
(a) U is prime; 
(b) U is semiprime; 
(c) d(a)+% 
(d) There is no nonzero XE gr with [x, gr] =O. 
We already know that (c) = (a) * (b) * (d). To see (d) * (c), suppose that (d) 
is true and d(g) = 0. We will do the case dim a1 = 2, leaving the other cases to the 
reader. Let x, y be a basis for gr and let [x,x] = a, [x, y] = [y, x] = 6, [y, y] = c for 
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some a, 6, c E go. By hypothesis ac = b2. If b = 0, one of a, c equals 0, and so either 
[x, gi] = 0 or [y, gi] = 0. Conversely, if one of a, c equals 0, then b = 0. Thus we may 
assume a, b, c are nonzero degree 1 elements of S(gO). Since S(gO) is a UFD, this im- 
plies a, 6, c are all associates: to be precise, there must be a nonzero scalar )\ E k with 
b-Au, c=A*a. But then [Ax-y, g,] =O, contrary to (d). 
3. Applications to enveloping algebras of simple Lie superalgebras 
3.1. Throughout this section we assume k has characteristic 0 and g is finite- 
dimensional with enveloping algebra U. In [2], Behr gives a proof (when k is 
algebraically closed) that if g is a classical simple Lie superalgebra, U is not a 
domain unless g1 =O. [However, his proof breaks down for osp(1, n), and in fact 
U(osp(1, n)) is a domain.] As an application of 1.5, we will show in 3.6 that for any 
direct sum g of classical simple Lie superalgebras not involving b(n), U is prime. 
This is proved by using the root space decomposition of g, and is mainly a conse- 
quence of a more general result in 3.4 on superalgebras possessing a nondegenerate 
even supersymmetric invariant bilinear form. (This latter result shows immediately 
that if a Lie superalgebra g has a nondegenerate Killing form, then U is prime.) It 
was the results in [2] that motivated us to examine the classical simple Lie super- 
algebras. 
A simple Lie superalgebra g is called classical if the adjoint representation of go 
on gi is completely reducible. It can be shown that g is classical if and only if go is 
reductive [8,11.2.2, Theorem 11. These superalgebras are described and classified in 
[5,8], and we use these descriptions below. We generally follow the notation in [8]. 
To show U is prime, we show the determinant d(g) of the product matrix for g1 
is nonzero. To prove this, it suffices to show that if we specialize the elements of 
a basis of go to elements of some commutative ring, we can obtain a nonzero deter- 
minant . 
3.2. We first show how to simplify the calculations required to show d(g) f 0. Let 
b be a Cartan subalgebra of go, and suppose that all the eigenvalues for the action 
of h on g via the adjoint representation lie in k. Let g = 0, E h* g’ be the usual root 
space decomposition of g relative to 6, i.e., 
g’ = {XE g / (Vh E h)(EIIn(h))((ad h - A(h))“‘h’(~) = O)}. 
Clearly gA: is graded, so g’ = gi 0 g:. We call A E lj* an even (resp. odd) root if 
ga#O (resp. gt #O). Recall that [g’, gP(l c gi+P for any A, P E h* and that h = gg is a 
nilpotent subalgebra of g. 
Now choose bases for go and g, consistent with the root space decomposition of 
g. If d and -1 are odd roots, let xi, . . . , x, be the part of the basis coming from gt 
and y,, . . . , ys the part coming from g;“, and define A, to be the r x s matrix over 
S(h) whose i,j entry is [x,, y,]. 
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Lemma. With the notation and assumption above, suppose that for each odd root 
A, -A is also an odd root with dim gf = dim g;” and that the matrix AA has nonzero 
determinant in S(b). Then d(g) ~0 and so U is prime. 
Proof. If we specialize the elements of our basis for go by specializing the elements 
of lj to themselves and specializing the basis elements outside of h to 0, the product 
matrix for g1 specializes to a matrix over S(h) whose only nonzero entries occur 
where the row and column correspond to a pair A, -2 of odd roots. Furthermore, 
the block corresponding to all such entries for a particular pair 2, --A has nonzero 
determinant by hypothesis. Thus the specialized product matrix is the block matrix 
analog of a matrix with exactly one nonzero entry in each row and column, whence 
its determinant is nonzero. This shows d(g) must be nonzero. 0 
3.3. As our first example, we show that 3.2 applies to the general linear and special 
linear superalgebras pl(m, n) and spl(m, n), so that Cl(pl(m, n)) and U(spl(m, n)) are 
prime. In both cases we can take lj to be the set of diagonal matrices in the algebra. 
If nj : fj + k is the linear form which gives the i, i entry of a matrix, the roots have 
the form rj - nj with the corresponding root space equal to ke;j for i#j and h for 
i =j. Since for odd eij, ej; is also odd and we have [eij, ej;] = e;, + ejj z 0, 3.2 applies. 
(In this case, as with most of the classical simple Lie superalgebras, the specializa- 
tion given in 3.2 yields a matrix with exactly one nonzero entry in each row and 
column.) 
3.4. Many superalgebras can be handled by the following result. For the definition 
of the terms used, see [5, §1.1.5; 8,1.3.3]. (In [5], the word ‘consistent’ is used in 
place of ‘even’.) 
Proposition. Let k be a field of characteristic 0 and g be a finite-dimensional Lie 
superalgebra over k, and suppose that there exists a nondegenerate ven super- 
symmetric invariant bilinearform b : g x g + k. Then if 0 is not an odd root, d(g) # 0 
and so U(g) is prime. 
Proof. We adopt the notation of 3.2. Let R be the algebraic closure of k and set 
fi = g Ok E. Then 0 is still not an odd root for the Cartan subalgebra lj = h Ok E. In 
addition, the form b induces a form on fi with the same properties. Since d(g) = d(g), 
we may assume k is algebraically closed. 
For a subspace V of g, let I/’ denote the orthogonal complement of I/ with 
respect to b. It is clear that [h, g”] = g’ for any nonzero A E b*. Using this fact along 
with invariance of b and nilpotence of lj, one can show that b(lj, g’) =0 for 
any nonzero A E lj*, and then that b(g”,gP)=O for any &,DEEI)* with A+p#O. 
Since b(g,, g,)=O, it follows that for any IE lj*, (gf)ls gO@@,+_A gp, and so 
codim (9:)‘~ dim g;‘. On the other hand, b is nondegenerate, so codim (g:)‘= 
dim gf. Thus dim gf 5 dim g;‘; interchanging A and -2, we see dim g$ = dim g;‘. 
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Together with nondegeneracy of b, this implies that whenever 1 is an odd root, -il 
is also an odd root with dim 9: = dim g;’ and b restricted to gf X g;’ is non- 
degenerate. 
A similar calculation shows that b restricted to h x 8 is nondegenerate, and so one 
can show as in [8,11.3.2] that for any nonzero odd root h there is a nonzero hA E lj 
such that [x, y] = b(x, y)hA for all XE gf, y E g;‘. Thus the matrix AA defined in 3.2 
is equal to hA times the nonsingular matrix determined by b restricted to gt x g;‘, 
whence its determinant is nonzero. Since 0 is not an odd root, 3.2 now implies 
d(g)#O. 0 
We state an immediate consequence of this result, which will however be super- 
seded later. 
Corollary. If g is a finite-dimensional Lie superalgebra over a field of characteristic 
0 whose Killing form is nondegenerate, then d(g) # 0 and so U is prime. 
Proof. The hypothesis on the Killing form stays in force when we extend scalars, 
so we may assume k is algebraically closed. The Killing form is an even super- 
symmetric invariant bilinear form, and its nondegeneracy implies g is the direct sum 
of classical simple Lie superalgebras with nondegenerate Killing form [5, Proposi- 
tion 2.3.3; 8,11.3.1, Corollary to Theorem 11. By inspection we see that such a 
simple Lie superalgebra does not have 0 as an odd root. q 
3.5. One of the classical simple Lie superalgebras which does not have a non- 
degenerate bilinear form as above is d(n)/kl for nz3. We will show d(g)#O for 
g = d(n), n 2 2 or g = d(n)/kZ, n 2 3. The Lie superalgebra d(n) has even part gl(n) 
and odd part sl(n) with d(n)o acting on d(n), via the adjoint representation, and 
with the Lie product on d(n), defined by [x, y] =xy+yx. We will denote the matrix 
units in d(n), by E;j and the matrix units in d(n)l by e;j. For the Cartan subalgebra 
we take the diagonal matrices in gl(n). Then the odd root space d(n): consists of 
the diagonal matrices in sl(n), while the other root spaces are one-dimensional and 
spanned by matrix units. If d(n): = ke, for a nonzero odd root 1, then d(n)TA = 
keji. Since [ejj, eji] = Eij + Ejj, the conditions of 3.2 are satisfied if the matrix A, 
obtained by restricting the product matrix for d(n), to d(n): xd(n)y has nonzero 
determinant. Let xi = eii - en,, SO that x1, . . . , x,_~ is a basis for d(n)?. NOW [Xi, Xi] = 
2(E,, + E,,) and [xj,Xj] = 2E,, for i#j. We can now see that the matrix A, must 
have nonzero determinant, since if we specialize E,, to 0 and all other Eij to 1, A 
specializes to 21. Thus by 3.2, d(d(n))#O. 
Now consider g =d(n)/kZ. If n = 2, then [gi, gi] =0 and so U(g) is not even 
semiprime. (In this case g is not simple.) We now suppose nz3. We can identify 
g,, with sl(n) and retain the same root space decomposition for gi = sl(n) as 
in the case of d(n). The indeterminates Eij in S(ge) now satisfy the relation 
El1 + ... + E,,, =O. Since nz3, [eij,eji] = E;i + Ejj is still nonzero. If we define the 
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analog of the matrix A0 in the last paragraph and we specialize Enn to 0, E,, to 
-(n - 2), and all other Eii to 1, we get a diagonal matrix with nonzero diagonal 
entries. Since this matrix has nonzero determinant, A0 must have nonzero deter- 
minant, and we can again apply 3.2. Thus d(g) # 0. 
3.6. Before stating our final result we need to make an observation, If k is an arbi- 
trary field of characteristic 0 with algebraic closure E and g is a classical simple Lie 
superalgebra over k, then there is a finite extension field E of k (so i? = E) such that 
g is actually a classical simple Lie superalgebra over E and g OEE= g’ is a simple 
Lie superalgebra over F: see [5, Proposition 5.3.11. If dimk E= n, we recall that 
since E is separable over k, the k-algebra EOkE is isomorphic to @y=, E (see for 
example [4, $6. lo]). Thus 
The representation of &, on 9, remains completely reducible [8,1.3.2, Proposition 11, 
so the representation of gb on g; is completely reducible. Thus g’ is classical: we 
will say g is of type g’. 
Theorem. Let k be a field of characteristic zero and g be a finite-dimensional Lie 
superalgebra over k. If g is a direct sum of Lie superalgebras each of which either 
(a) has zero odd part, or (b) is isomorphic to some pl(m, n) or spl(m, n) or d(n), or 
(c) is a classical simple Lie superalgebra which is not of type b(n) (in the sense of 
the previous section), then d(g) #O and so U(g) is prime. 
Proof. Since d(g 0 Q)=d(g)d(Q), it is enough to handle the case of just one 
summand. In (a), d(g)=l, while in (b), d(g)#O by 3.2 and 3.5. For (c), note that 
d(g) =d(@, so we may apply the discussion before the theorem and assume g is 
classical simple and k is algebraically closed. By hypothesis g # b(n). If g = d(n)/kl, 
then d(g) #O by 3.5. If g #d(n)/kl, then there is a nondegenerate even super- 
symmetric invariant bilinear form b : g x g -+ k and 0 is not an odd root by [5, Prop- 
osition 2.5.5; 8,11.4.6, Proposition 11. Thus we may apply 3.4 to get d(g)#O. 0 
Corollary. Let k be an algebraically closed field of characteristic 0 and g #b(n) a 
classical simple Lie superalgebra over k. Then U(g) is prime. 0 
3.7. Is U(g) prime for every simple Lie superalgebra g? Our method cannot be 
applied to the case g = b(n). This is a subalgebra of pl(n, n) for which the elements 
of g1 have the form [: t] where B is n x n and symmetric and C is n x n and skew- 
symmetric. We can take a basis for gi such that the elements are either of the form 
[i t] (we will call these type I) or [’ ’ c o] (we will call these type II). The Lie product 
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of two basis elements of the same type is 0. Thus if we order the basis so that the 
type I elements come first, we have in the upper left hand corner of the product 
matrix for gt a +n(n+ l)x+n(n+ 1) block of zeroes representing type I basis ele- 
ments bracketed with each other and in the bottom right hand corner a +n(n - 1) x 
+n(n + 1) block of zeroes representing type II basis elements bracketed with each 
other. Such an asymmetry in the sizes of the zero blocks implies the determinant 
of the matrix is zero, and so d(g) = 0 always for g = b(n). Behr [2, Example 2.21 has 
shown that U(b(2)) is not prime; however, b(n) is simple only for n23. (We note 
a misstatement in [2, Example 2.21. The subspace I= U(b(2),)Y,, + U(b(2),)Y,, is 
only a right ideal, since it does not contain [Y,,, y,].) 
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